This paper discusses qualitative properties of the two-term linear fractional difference equation
Introduction
This paper studies stability and asymptotic properties of the linear fractional difference equation is the discrete power function. Then, for  < α < , we put  ∇ α y(n) = ∇  ∇ α- y(n), n = , , . . . , (.)
where ∇ is the standard backward difference operator (corresponding to α = ). Our definition of the fractional sum (.) originates from the discrete backward Cauchy formula
for the m-fold sum (for more details see, e.g. [] ). We note that the definition sum (.) is almost identical with related introductions in [] and [] , where, comparing with (.), the term corresponding to k =  has been involved as well (we emphasise that the presence of this term in (.) has no influence on the qualitative analysis of (.)). We prefer the relation (.), omitting the term with k = , because it seems to provide, among others, a more suitable framework for possible analogues between the theory of fractional sums or differences and the continuous fractional calculus. In particular, (.) can be viewed as a discrete counterpart to the fractional differential equation
 D α x(t) = λx(t), t > , (.)
where  D α means the αth order Riemann-Liouville derivative operator (for its introduction, basic properties and general information about the continuous fractional calculus we refer, e.g. to []). It is well known that solutions x(t) of (.) with  < α <  are unbounded in a right neighbourhood of the initial point t = . Consequently, the introduction of a fractional sum via the relation (.) with k varying from k =  to k = n particularly implies that the value of y() has to be defined (and finite), which is not quite consistent with this continuous pattern. For the same reason, we use the notation  ∇ α (as a direct discrete analogue to the standard symbol  D α ), although y(n) is assumed to be defined on N  only.
Many interesting results on discrete fractional calculus have been already reported (see, e.g. [, -, ] and [, ]), but the qualitative study of fractional difference equations is just at the beginning. In particular, considering the test equation (.), there are only sporadic results on the asymptotic behaviour of its solutions (see [] ), and a more systematic qualitative theory is missing.
The aim of this paper is to perform stability and asymptotic analysis of the fractional difference equation (.). Our investigations follow up recent research performed in [] , where the authors studied the qualitative properties of (.) with  < α < . The paper is organised as follows. In Section , we present an alternative (equivalent) expression of (.) in the form of a Volterra difference equation of convolution type. Some related tools of its qualitative investigation are mentioned as well. Section  discusses stability properties of (.) by use of analysis of the corresponding Volterra equation. We formulate here, among others, a sharp condition for its asymptotic stability. Some supplementary results on the asymptotic behaviour of the solutions of (.) in the stable and non-stable case are presented in Section . While the qualitative results, stated in Section  and Section , substantially utilise the recent progress in the theory of Volterra difference equations, Section  discusses some backward consequences of our analysis to this theory. In particular, http://www.advancesindifferenceequations.com/content/2012/1/122 we show that this analysis enables us to discuss some open problems in the stability theory of Volterra difference equations. Some final remarks conclude the paper.
Preliminaries
Before we start the discussion on stability and asymptotic properties of the fractional difference equation (.), we present its alternative form which turns out to be very convenient for such investigations.
Proposition . Let  < α <  and λ = . Then y(n) is the solution of (.) if and only if x(n) = y(n + ) is the solution of
Proof Expanding the Riemann-Liouville operator in (.), we have for n = , , . . .
By the definition of fractional sum,
where we have employed the well-known property
Consequently, (.) becomes
From here we get
which, after replacing n by n +  and setting x(n) = y(n + ), turns into the equation (.).
Remark . The equation (.) is the Volterra difference equation of convolution type
where
Remark . The assumption λ =  is essentially the regressivity condition known from the theory of time scales (see [] ). If it is not satisfied, then (.) admits only the identically zero solution via the starting value y() = . If y() = , then (.) has no solution.
As a result of Proposition ., it is enough to analyse stability and asymptotic properties of (.) instead of (.). Before doing this, we recall some relevant stability definitions for the Volterra equation (.). First, we mention the standard definitions of stability and asymptotic stability adapted to the linear case. 
A very effective method of stability analysis of (.) is the Z-transform method. We recall that the Z-transform of a sequence u(n), defined on the set of nonnegative integers N  , is a complex function given bỹ
where z is a complex number for which this series converges absolutely. It is known that Z-transforms can be used to solve the linear Volterra convolution equation (.) and find its stability or asymptotic stability conditions by analysing the roots of the associated characteristic equation
whereã(z) is the Z-transform of a(n) (for more details we refer to [] ). We recall the result which is the most relevant for our next study (as usual, the symbol  used here denotes the space of sequences whose series is absolutely convergent).
Theorem . ([, Theorem ]) The following statements are equivalent: (i) (.) is uniformly asymptotically stable; (ii) all the roots of the characteristic equation (.) lie inside the unit disk, i.e.
z -ã(z) =  for all |z| ≥ ;
Stability analysis
We start with the formulation of an explicit necessary and sufficient condition for the uniform asymptotic stability of the Volterra equation (.). Then we discuss the asymptotic stability and stability of this equation, and summarise obtained results to present the asymptotic stability condition for the original fractional difference equation (.).
Theorem . Let  < α <  and λ = . Then (.) is uniformly asymptotically stable if and only if
Proof By Theorem ., we have to set up the corresponding characteristic equation (.) and analyse the location of its roots with respect to the unit disk.
Taking the Z-transform of (.) and using the binomial theorem, we get
for all z ∈ C with |z| ≥ . Consequently, the characteristic equation (.) becomes
and, applying Theorem ., the equation (.) is uniformly asymptotically stable if and only if
The nonzero roots z r of the characteristic equation (.) satisfy
We analyse (.) with respect to λ. First, let λ < . Then, obviously, (.) has no root z r , hence the condition (.) is satisfied trivially. Further, let λ ≥  (we recall that λ = ). Then
is the unique nonzero (real) root of the characteristic equation (.). To satisfy (.), we have to require
The assertion is proved.
Proposition . Let  < α <  and λ = . Then (.) is asymptotically stable.
Proof Letx(z) be the Z-transform of a solution x(n) of (.), i.e.
By the well-known shift property and convolution property (see, e.g.
[]),
The application of the Z-transform to both sides of (.) with λ =  then yields
Further, by the binomial theorem,
and comparing this relation with (.), we have
To conclude the proof, we recall the binomial asymptotic relation
, where the symbol ∼ means the asymptotic equivalency. This implies the asymptotic property x(n) →  as n → ∞ for any initial value x().
Proof Letx(z) be the Z-transform of the solution x(n) of (.) given by (.). Analogously to the previous proof, we get
Setting w = /z and considering (.), (.) we can write
The function on the left-hand side of (.) has the (unique) pole
Consequently, the series on the right-hand side of (.) has the radius of convergence R < . By the Cauchy-Hadamard theorem,
hence (.) is not stable.
To summarise this section, we reformulate some of its results for the fractional difference equation (.). Considering this equation, we are interested especially in its asymptotic stability. Proposition ., Theorem . and Proposition . imply the following assertion.
Theorem . Let  < α <  and λ = . Then (.) is asymptotically stable if
Remark . The condition (.) for the asymptotic stability of (.) is close to be not only sufficient, but also necessary. It remains to discuss the asymptotic stability of (.) with λ =  α , which is still an open problem. http://www.advancesindifferenceequations.com/content/2012/1/122
Asymptotic analysis
In this section, we precise some of stability results derived in the previous part. In particular, we consider the asymptotic stable case, when the solutions x(n) of (.) are tending to zero as n → ∞, and describe the exact rate of their decay. An asymptotic result concerning the non-stable case will be derived as well. First, we note that the preliminary information on the decay rate of the solutions of (.) follows immediately from Theorem . and Theorem ..
Corollary . Let  < α <  and let either
for any solution x(n) of (.).
To obtain a precise description of asymptotics of (.), we employ the following general result, which is due to Appleby et al. [] . For any finite r > , the authors introduced a class W (r) of real-valued weight sequences γ (n) by the requirements
We reformulate here the scalar version of the relevant result (originally proved for vector Volterra difference equations), which describes the asymptotics of a solution x(n) of (.) in terms of an appropriate sequence γ (n) ∈ W (r).
Theorem . ([, Theorem .])
Suppose that, for some sequence γ (n) ∈ W (r), there exists the finite limit
Then the solution x(n) of (.) satisfies
This assertion turns out to be very useful in the analysis of asymptotic properties of (.). It implies Corollary . Let  < α <  and | -λ| > . Then any solution x(n) of (.) satisfies
Proof Consider the equation (.), i.e. the Volterra convolution equation (.) with the coefficients given by (.). We put r =  and introduce the decreasing sequence γ (n) = n -(+α) , n = , , . . . .
As it was remarked in []
, n -(+α) ∈ W () provided  < α < . We verify the validity of assumptions of Theorem . and, in particular, specify the values of L and S. The first calculation employs the asymptotic property (.). Using this, we can write
.
Discussing (.), we need to sum the infinite series
by use of the binomial theorem. Consequently, (.) holds. Analogously, we get
The property (.) now follows from (.) by use of
Remark . The assumptions of Corollary . do not cover the cases λ =  and  α < λ ≤ , when the equation (.) is asymptotically stable as well. If  α < λ ≤  then Corollary . provides at least a partial information on the behaviour of the solutions of (.), namely the asymptotic property (.). However, this property is no longer valid if λ = , because the corresponding Volterra equation (.) is not uniformly asymptotically stable. Fortunately, earlier we have derived the exact form of the solutions x(n) of (.) with λ =  via the relation (.). Then, using (.), we can easily get the following asymptotic result.
Corollary . Let  < α <  and λ = . Then
for any solution x(n) of (.). http://www.advancesindifferenceequations.com/content/2012/1/122
We conclude this part by the summary of the derived asymptotic results and their reformulation for the fractional difference equation (.).
Corollary . Let  < α <  and let either
for any solution y(n) of (.).
Now we turn our attention to the non-stable case. Recently, Atici and Eloe [] have analysed the closed form of the solutions of (.) based on discrete Mittag-Leffler functions and proved that if / ≤ α <  and  < λ < , then y(n) → ∞ as n → ∞ for any solution y(n) of (.) with y() >  (in our notation). We employ our approach based on the analysis of the corresponding Volterra difference equation (.) to obtain a slightly stronger result.
Theorem . Let  < α < ,  < λ <  and let x(n) be a solution of (.) with x() > . Then
Proof First, we introduce the function
defining the solution of the Volterra convolution equation with infinite delay
Using the variation of constants formula (see, e.g.
[]) we have
(.) http://www.advancesindifferenceequations.com/content/2012/1/122
Since x(n) is positive, (.) implies
which proves the right inequality of (.). Further, it follows from (.) that
we get
Using the binomial theorem, we can verify that
We show that p < , i.e.
for all  < α <  and  < λ < . Indeed, we have
for all such values of α and λ. Consequently, we can neglect the last term in the inequality (.) to obtain
The left inequality of (.) is proved.
Remark . A reformulation of this asymptotic result for the fractional difference equation (.) is analogous as in Corollary . by use of the substitution x(n) = y(n + ).
Some consequences and concluding remarks
Our stability investigation of (.) was based on analysis of the roots of the corresponding characteristic equation and their location with respect to the unit disk. In general, this direct approach is not practical just because of difficulties connected with the localization of http://www. Till lately, it was an open question whether or not (.) is also necessary for the uniform asymptotic stability (or asymptotic stability) of (.). Only recently, Elaydi et al. [] have constructed a class of equations (.) that violate the condition (.), but they are still asymptotically stable. In the sequel we show that (.) provides an alternative counterexample, which is qualitatively different from the equations considered in [] .
Doing this, we discuss the strictness of (.) with respect to the Volterra equation (.). First, notice that sgn a(n) = sgn(-λ) for all n, i.e. a(n) does not change sign (we still assume  < α < ). Furthermore, negative and follows immediately from our previous considerations on (.) via any choice  < λ <  and α < log λ/ log .
Another specific qualitative properties of (.) can be observed in the seemingly simple case λ = , when the asymptotic stability property is guaranteed for any  < α <  (see Proposition .). This result does not agree with the limit (trivial) case α = , when (.) is stable, but not asymptotically stable. On the other hand, the qualitative behaviour of (.) with λ =  is qualitatively different from the behaviour of (.) with other values of λ corresponding to the asymptotically stable case (λ <  or λ >  α ). Indeed, the decay rate of the solutions is lower than that for λ <  and λ >  α (see Corollary . and Corollary .), and the asymptotic stability property for λ =  is not uniform. Our last remark concerns an algebraic decay of the solutions y(n) of (.) with | -λ| > . By Corollary ., its order is equal to  + α. It might be interesting to note that this decay rate is exactly the same as that derived in [] for the corresponding fractional differential equation (.). This resemblance as well as the above derived asymptotic stability region (.) indicate that the fractional difference equation (.) could be a very suitable tool for numerical approximations of the underlying fractional differential equation. We suppose that this and other related questions will be the subject of further research.
